The paper studies semi-almost periodic holomorphic functions on a polydisk which have, in a sense, the weakest possible discontinuities on the boundary torus. The basic result used in the proofs is an extension of the classical Bohr approximation theorem for almost periodic holomorphic functions on a strip to the case of Banach-valued almost periodic holomorphic functions.
Similarly one defines B-valued holomorphic almost periodic functions on the strip Σ := {z ∈ C : 0 ≤ Im(z) ≤ π}. This result is equivalent to the fact that the Banach space AP H(Σ) := AP H C (Σ) of holomorphic almost periodic functions on Σ has the approximation property along with the scalar version of Theorem 1.4, see Grothendieck [5, Section 5.1] . (Similarly Theorem 1.2 can be derived from the fact that AP (R) := AP R (R) has the approximation property.) Let us recall Definition 1.5. A Banach space B is said to have the approximation property, if, for every compact set K ⊂ B and every ε > 0, there is an operator T : B → B of finite rank so that T x − x B ≤ ε for every x ∈ K. If such T has norm at most 1, then B is said to have metric approximation property.
It is easy to see that every space B with a Schauder basis has the approximation property. However, there are Banach spaces without this property, the first such example was constructed by Enflo [3] . In Proposition 3.1 we will show that AP H(Σ) has metric approximation property. 1.2. We apply Theorem 1.4 to study the algebra of bounded holomorphic functions on the unit polydisk D n ⊂ C n with semi-almost periodic boundary values. Originally the algebra of semi-almost periodic functions on the real line R was introduced and studied by Sarason [6] in connection with some important problems of operator theory. By the definition it is a closed subalgebra of C b (R) generated by algebras AP (R) and P C ∞ (the algebra of continuous functions on R that have finite limits at +∞ and at −∞). In [2] we introduced the algebra SAP (∂D) of semi-almost periodic functions on the unit circle ∂D which generalizes the Sarason algebra. Find a closed subalgebra A ⊂ H ∞ (D) whose elements have, in a sense, the weakest possible discontinuities at the boundary ∂D.
An obvious candidate would be the subalgebra of bounded holomorphic functions having discontinuities of at most first kind at the boundary. Unfortunately, as it follows from the Lindelöf Theorem, see [4] , any such function must be continuous on D. Moreover, the same result holds if we consider bounded holomorphic functions with first kind discontinuous on ∂D of their real or imaginary parts. Another way to measure singularities of a function from H ∞ (D) is to consider discontinuities of its modulus on ∂D. Assuming that A ⊂ H ∞ (D) consists of functions f such that |f || ∂D ∈ L ∞ (∂D) has first-kind discontinuous only, we obtain that A contains all inner functions. Then by the Marshall theorem, see [4] ,
Thus to get a nontrivial answer we correct the above problem restricting ourselves to the case of algebras A ⊂ H ∞ (D) generating by subgroups G A of invertible elements of H ∞ (D) such that for each f ∈ G A the function |f | (or, equivalently, the harmonic function ln |f |) has finitely many discontinuities of at most first kind on ∂D. The main result in [2] (Theorem 1.8) establishes a connection between such algebras A and certain subalgebras of
The purpose of the present paper is to define semi-almost periodic holomorphic functions on D n and to extend the results of [2] to this class of functions.
First we recall some definitions from [2] .
In what follows, we consider ∂D with the counterclockwise orientation. For
be two open arcs having e it 0 as the right and the left endpoints, respectively.
if for any t 0 ∈ [0, 2π) and any ε > 0 there exist a number s = s(t 0 , ε) ∈ (0, π) and functions
are restrictions of some almost periodic functions from AP (R), and
We denote by SAP (∂D) the Banach algebra of semi-almost periodic functions on ∂D endowed with sup-norm. For S a closed subset of ∂D we denote by SAP (S) the Banach algebra of semi-almost periodic functions on ∂D that are continuous on ∂D \ S. (Note the the Sarason algebra is isomorphic to SAP ({z 0 }) for any z 0 ∈ ∂D.)
Next, let A(D) be the algebra consisting of holomorphic functions in H ∞ (D) that are continuous onD. Suppose that S contains at least two points. By A S we denote the closure in L ∞ (∂D) of the algebra generated by A(D) and holomorphic functions of the form e f , where Re(f )| ∂D is a finite linear combination (over R) of characteristic functions of closed arcs in ∂D whose endpoints belong to S. If S consists of a single point, then we define A S to be the closure of the algebra generated by A(D) and functions ge λf , where Re(f )| ∂D is the characteristic function of a closed arc with an endpoint in S and g ∈ A(D) is a function such that ge f has discontinuity on S only. Now, Theorem 1.8 of [2] describes the structure of the algebra of semi-almost periodic holomorphic functions:
(Here and below we identify the elements of algebra H ∞ (D n ) with their boundary values defined on (∂D) n .) Remark 1.8. Suppose that S ⊂ ∂D contains at least 2 points. Let e λf ∈ A S , λ ∈ R, where Re(f ) is the characteristic function of an arc [x, y] with x, y ∈ S. Let φ x,y : D → H + be the bilinear map onto the upper half-plane that maps x to 0, the midpoint of the arc [x, y] to 1 and y to ∞. Then there is a constant C such that
where Log is the principal branch of the logarithmic function. Thus Theorem 1.7 implies that the algebra H ∞ (D) ∩ SAP (S) is the uniform closure of the algebra generated by A(D) and the family of functions e iλ(Log•φx,y) , λ ∈ R, x, y ∈ S.
Let us define now multi-dimensional analogues of algebras SAP (S) and A S . Namely, if S k ⊂ ∂D are closed sets, 1 ≤ k ≤ n, and S = n k=1 S k ⊂ (∂D) n , then we define
Here stands for completion of symmetric tensor product of the corresponding algebras. In particular, SAP n (S) and A n S are uniform closures of the algebras of complex polynomials in variables
Now the extension of Theorem 1.7 is read as follows.
Remark 1.10. We apply Theorem 1.4 and some arguments from [2] to show that the algebra H ∞ (D) ∩ SAP (S) has the approximation property. This will imply Theorem 1.9.
Let M S be the maximal ideal space of the algebra
As a corollary of Theorem 1.9 we obtain
Remark 1.12. The structure of M S k is described in [2] , Theorems 1.7 and 1.14. Let us recall this result. In what follows M(A) stands for the maximal ideal space of the Banach algebra A. Since A(D) ֒→ A S k , there is a continuous surjection of the maximal ideal spaces
Recall that theŠilov boundary of A S k is the smallest compact subset
Here we assume that every f ∈ A S k is also defined on M S k where its extension to
, is homeomorphic to the disjoint union bR ⊔ bR of the Bohr compactifications bR of R.
is homeomorphic to the maximal ideal space of the algebra AP H(Σ) of holomorphic almost periodic functions on the strip
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Auxiliary Results

2.1.
In our proofs we use some results on Bohr's compactifications.
First recall that the algebra of almost periodic functions AP (R) := AP C (R) is naturally isomorphic to the algebra C(bR) of complex continuous functions on the Bohr compactification bR of R (the maximal ideal space of AP (R)). That is, a complex continuous function on R is almost periodic if and only if it admits a continuous extension to bR by means of the Gelfand transform. (Recall that the maximal ideal space bR is defined as the space of continuous non-zero characters AP (R) → C endowed with the Gelfand (i.e. weak*) topology. Then bR is a compact abelian group, R is naturally embedded into bR as a dense subset, so that the action of R on itself by translations extends uniquely to the continuous action of R on bR.)
Let us describe now the maximal ideal space of the algebra AP H(Σ).
projection of the strip Σ onto the annulus R, so that the triple (Σ, R, π) forms a principal bundle on R with fibre Z. Suppose that U 1 and U 2 are compact simply connected subsets of R which cover R. Then we can represent Σ as a quotient space of (U 1 ×Z) ⊔(U 2 ×Z) by the equivalence relation ∼ determined by a locally constant function c 12 :
Let bZ be the Bohr compactification of Z. Then bZ is a compact abelian group with Z ⊂ bZ acting continuously on bZ. In particular, given z ∈ R we have a continuous mapping bZ → bZ determined by the formula ξ → ξ + c 12 (z), ξ ∈ bZ. So, we can define
where, by definition,
Similarly, an embedding ι ξ : Σ ֒→ bΣ, where ξ ∈ bZ, is determined by the local embedding (z, n) → (z, n + ξ). Since Z is dense in bZ, ι ξ (Σ) is dense in bΣ for each ξ ∈ bΣ. Furthermore, the sets ι ξ (Σ) are mutually disjoint and cover bΣ.
We say that a function f : bΣ → C is holomorphic if its pullback ι * ξ f is holomorphic on Σ for each ξ ∈ bZ. The space of functions holomorphic on bΣ is denoted by O(bΣ). Now, we have
Proposition 2.1 ([2]). AP H(Σ) is naturally isomorphic to O(bΣ).
The result states that O(bΣ)| Σ = AP H(Σ). Moreover, as it is shown in [2] , if ι * ξ f is holomorphic on Σ for a certain ξ ∈ bΣ, then f is holomorphic on bΣ. This gives another definition of a holomorphic almost periodic function (cf. Definition 1.3).
Proposition 2.2 ([2]
). bΣ is homeomorphic to the maximal ideal space of the algebra AP H(Σ). Proof. Assume that f is a B-valued continuous almost periodic function on Σ. Since g • f ∈ AP H(Σ) for every continuous functional g ∈ B * , the function f admits a continuous extension f : bΣ → B * * ; here B * * is equipped with weak * topology.
Next, due to Definition 1.3, the closure f (Σ) of f (Σ) in the strong topology of B is compact. We naturally identify B with a subspace of B * * . Since any compact subset of B is also compact in the weak
Hence f maps bΣ into B and is continuous. Conversely, assume that f : bΣ → B is continuous and f | Σ is holomorphic. Since f is uniformly continuous on bΣ and the natural action of group R on Σ by shifts is extended to a continuous action of bR on bΣ, the family of shifts
Now, suppose that f ∈ AP H B (Σ). According to Proposition 2.3, there exists a continuous extensionf of f to bΣ. For each continuous functional g ∈ B * the function g • f belongs to AP H(Σ). By Proposition 2.1, g • f admits a continuous extension g • f ∈ O(bΣ). Since Σ is dense in bΣ, the identity g •f = g • f is valid for all g ∈ B * . This implies that for each ξ ∈ bZ, the function g
for all g ∈ B * . Therefore the continuous B-valued functionf • ι ξ is holomorphic in the interior of Σ, i.e., it belongs to AP H B (Σ).
3 Proof of Theorem 1.4
Proposition 3.1. AP H(Σ) has metric approximation property.
Proof. We refer to the book of Besicovich [1] for the corresponding definitions and facts from the theory of almost periodic functions. Let K ⊂ AP H(Σ) be compact. Given ε > 0 consider an
Here β 1 , . . . , β r are elements of a basis over Q of the union of spectra of functions f 1 , . . . , f l , ν 1 , . . . , ν r ∈ Z, n 1 , . . . , n r ∈ N and
are the corresponding holomorphic Bochner-Fejer polynomials.
We define an operator T : AP H(Σ) → AP H(Σ) from Definition 1.5 by the formula
Then T is a linear projection onto a finite-dimensional space generated by functions
. Then we have by (3.1)
This completes the proof of the proposition.
Let us prove now Theorem 1.4. According to Section 2.2 each B-valued almost periodic function f on Σ admits a continuous extensionf ∈ C B b (bΣ). Also, for each g ∈ B * the function g •f ∈ O(bΣ). Since O(bΣ) ∼ = AP H(Σ) has the approximation property by Proposition 3.1 and since bΣ is compact, the results of Section 5.1 of [5] imply that eachf belongs to the closure in C B b (bΣ) of the symmetric tensor product of AP H(Σ) and B. Finally, the classical Bohr theorem, see, e.g., [1] , asserts that each element of AP H(Σ) is the uniform limit of finite linear combinations of functions e iλz , λ ∈ R. These facts complete the proof of the theorem. 
are restrictions of some B-valued almost periodic functions from AP B (R) and Here ⊗ stands for completion of symmetric tensor product with respect to norm 
4.1.2.
For the proof we require some auxiliary results.
Let AP C(Σ) be the Banach algebra of functions f : Σ → C uniformly continuous on Σ := {z ∈ C : Im(z) ∈ [0, π]} and almost periodic on each horizontal line.
Proposition 4.3 ([2]). M(AP H(Σ)) = M(AP C(Σ)).
We define AP C B (Σ) = AP C(Σ) ⊗ B.
Lemma 4.4. Suppose that f 1 ∈ AP B (R), f 2 ∈ AP B (R + iπ). Then there exists a function F ∈ AP C B (Σ) which is harmonic in the interior of Σ whose boundary values are f 1 and f 2 . Moreover, F admits a continuous extension to the maximal ideal space M(AP H(Σ)).
Proof. By definition f 1 and f 2 can be approximated on R and R + iπ by functions of the form
c l e iµ l t , respectively, where b l , c l ∈ B, λ l , µ l ∈ R. Using the Poisson integral formula we extend q 1 and q 2 from the boundary to a function H ∈ AP C B (Σ) harmonic in the interior of Σ, see, e.g., [2] , Lemma 4.3 for similar arguments. Also, by the definition of the algebra AP C B (Σ) and by Proposition 4.3, H admits a continuous extension to M(AP H(Σ)). Now, by the maximum principle for harmonic functions the sequence of functions H converges in AP C B (Σ) to a certain function F harmonic in the interior of Σ which satisfies the required properties of the lemma. Suppose that z 0 = e it 0 . For s ∈ (0, π) we set
Lemma 4.5. Let z 0 ∈ S, suppose that f ∈ SAP B ({−z 0 , z 0 }). We put f k = f | γ t k 0 (π) , and define on arc γ k (z 0 , s)
Then for any ε > 0 there exist a number s ε ∈ (0, s) and a function H ∈ AP C B (Σ) harmonic on Σ 0 such that
Let z 0 ∈ ∂D and U z 0 be the intersection of an open disk of radius ≤ 1 centered at z 0 withD \ z 0 . We call such U z 0 a circular neighbourhood of z 0 .
We say that a bounded continuous function f : D → B is almost-periodic near z 0 if there exist a circular neighbourhood U z 0 , and a functionf ∈ AP C B (Σ) such that From (3) and (4) we obtain Lemma 4.6. Let f ∈ SAP B (S)∩H ∞ B (D) and z 0 ∈ ∂D. There is a bounded B-valued holomorphic functionf on D almost periodic near z 0 such that for any ε > 0 there is a circular neighbourhood U z 0 ;ε of z 0 so that
Proof. Assume, first, that z 0 ∈ S. By Lemma 4.5, for any n ∈ N there exist a number s n ∈ (0, s) and a function H n ∈ AP C B (Σ) harmonic on Σ 0 such that
Using the Poisson integral formula for the bounded B-valued harmonic function f − H n on D we easily obtain from (4.3) that there is a circular neighbourhood V z 0 ;n of z 0 such that
According to (3) each H n admits a continuous extensionĤ n to a (4) we find a bounded B-valued holomorphic function f on D of the same sup-norm asĤ almost periodic near z 0 such that its extension to a −1 S (z 0 ) coincides withĤ. Now by the definition of the topology of M S , see [2] , Lemma 4.4 (a), we obtain that for any ε > 0 there is a number N ∈ N such that for all n ≥ N, sup
Finally, choose n ≥ N in (4.4) such that the right-hand there < ε 2
. For this n we set U z 0 ;ε := V z 0 ;n . Then the previous inequality and (4.4) imply the required
If, now, z 0 ∈ S, then, by definition, f | ∂D is continuous at z 0 . In this case as the functionf we can choose the constant B-valued function equal to f (z 0 ) on D. Then the required result follows from the Poisson integral formula for f −f . We leave the details to the reader.
4.1.3.
We are now ready to prove Theorem 4.2. 
Let us show that
, by Theorem 1.4 it can be approximated in AP H B (Σ) by finite sums of functions be iλz , b ∈ B, λ ∈ R, z ∈ Σ. In turn, g z 1 can be approximated by finite sums of functions be iλLog•ϕz 1 . As it was shown in [2] ,
Then, since the function z → (z + z 1 )/(2z 1 ) ∈ A(D) and equals 0 at −z 1 , and
Moreover, by the definitions of g z 1 andĝ z 1 , the functionĝ z 1 − f is continuous and equal to zero at z 1 . Thus,
We proceed in this way to get functionsĝ 
Since S is closed, for z k ∈ S we may assume that f k is continuous inŪ z k . Let us define a B-valued 1-cocycle {c kj } m k,j=1 on intersections of the sets in
Then (4.5) implies sup
Since m < ∞, we may assume, without loss of generality, that none of the intersections U z k ∩ U z j , k = j, contains points z k . Further, we may choose the above functions and sets such that c kj is holomorphic in U z k ∩ U z j and continuous in the closure of U z k ∩ U z j . Let {ρ} 
(4.8)
Now since c kj are B-valued holomorphic functions in U z i ∩ U z j continuous up to the boundary, ρ kj are smooth functions on a neighbourhood of ∂D and
is a smooth global B-valued function on A continuous up to the boundary. We define
Similarly to the scalar case we use polar coordinates in (4.9) to obtain
where w(A) is width of A and C > 0 is a numerical constant. Furthermore, H is continuous onĀ and
∂H ∂z
= h on A. Without loss of generality (see (4.7) and the definition of functions ρ j ) we may assume that w(A) is sufficiently small, so that sup z∈A H(z) B < ε.
Let us define
Then c i is a B-valued continuous function holomorphic in U z i ∩ A satisfying (see (4.7)) sup
by formulas
According to (4.6) and (4.12), f ε is a bounded continuous B-valued function on 
As it follows from (4.13), c(z) B < 4ε for all z ∈ D ′ ∩ A ′ . Consider a smooth partition of unity subordinate to the cover {A ′ , D ′ } of D which consists of smooth
where C > 0 is a numerical constant. We resolve the cocycle c as follows:
is a bounded smooth B-valued function on D with support in A. Next,
is a smooth B-valued function on D, continuous up to the boundary such that
Moreover, by (4.13), (4.14) and the fact that supp(g) ⊂ A we obtain from (4.16) sup
Then c A ′ and c D ′ are B-valued holomorphic functions in A and D ′ , respectively.
Furthermore, as it follows from (4.13), (4.17) there exists a numerical constantC > 0 such that
Finally, let us define 
Proofs
Proof of Theorem 1.9. Let S = n k=1 S k ⊂ (∂D) n where S k ⊂ ∂D is a closed set.
We must prove that H ∞ (D n ) ∩ SAP n (S) = A n S . We prove this statement by induction over n. For n = 1 the identity was already proved. Suppose that it is true for n − 1, that is, H ∞ (D Proof of Theorem 1.11. According to Theorem 1.9 and the scalar version of Theorem 4.2, the algebra H ∞ (D n ) ∩ SAP n (S) is symmetric tensor product of algebras
Therefore by a standard result of the theory of Banach algebras we obtain that M S is homeomorphic to M S 1 × · · · × M Sn for the corresponding maximal ideal spaces of these algebras. As it was proved in [2] , D is dense in each M S k in the corresponding Gelfand topology. Therefore D n is dense in M S in the Gelfand topology.
